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One of the challenges in quantum gravity is to find a background independent formulation. The classical spacetime 
should emerge only as a low energy approximation to a more fundamental and yet unknown description of quantum 
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spacetime. 



t^- ■ In a recent article Faddeev and Niemi [1] mapped the four dimensional SU(2) Yang-Mills theory into Einstein's 
gravitational theory with matter, and with conformal geometry. Their mapping is a change of variables that can 
be interpreted in terms of a separation between the spin and the charge of the gauge field. Their result shows that 
in the Maximal Abelian Gauge (MAG) the Yang-Mills theory admits a generally covariant form that includes the 
Einstcin-Hilbert action and a cosmological constant term, in the limit where the metric tensor is locally conformally 
' flat. The matter content is a combination of a massive vector field, an 0(3) er-model and a G(4, 2) Grassmannian 
C^) nonlinear cr-model that describes the embedding of two dimensional planes (2-branes) in R 4 . 

' The algebraic change of variables by Faddeev and Niemi can be performed either in the full effective action of 
the quantum Yang-Mills theory, or in its low energy limit. In the former case we obtain - by construction - a 
renormalizable quantum theory of gravity with matter. This theory could be interpreted as a subsector of some more 
realistic quantum gravity theory. In the latter case where we only include the leading terms in the effective action 
corresponding to the classical Yang-Mills action and a potential term for a dimension-two condensate that appears in 
1 the Maximal Abelian Gauge [1], the conformal scale of the metric tensor turns out to coincide with the dimension- 
On, two condensate introduced in [2-5]. As a consequence it becomes meaningful to address the question, what kind of 
quantum fluctuations give rise to a non-zero metric tensor condensate? 

A partial answer to this question can be inferred from [6, 7]: The dimension-two condensate of [2-5] is known to 
receive a nontrivial contribution from perturbative quantum fluctuations around a homogeneous background. 

In the present article we are interested in those non-perturbative contributions to the metric tensor condensate that 
emerge from the BPST instanton solutions. Indeed, it has been recently argued that the dimension-two condensate of 
[2-5] should receive a significant contribution from instantons [8] [22]. This suggests that when the BPST instanton 
is described in the geometric formalism by Faddeev and Niemi, it serves as a source of non-perturbative fluctuations 
that give rise to a non-trivial locally conformally flat spacetime. 

In section II we will briefly review the formalism of spin-charge separation. In sections III, IV, V we study several 
aspects of instanton solutions in this formalism, and our focus is on a geometrical interpretation. The results are 
summarized in the final section VI. 



II. SPIN-CHARGE SEPARATION 



We start with a short description of the spin-charge decomposition for the SU(2) Yang-Mills action [23]; we refer 
to [1] for details. We decompose the su(2) vector-potential as 

A^A^+X^+X^ (1) 
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where we have denoted 

o± = ^(oi ±icr 2 ) (2) 
X M± =4±z4 (3) 
We fix the SU(2)/U(l) gauge freedom by employing the Maximal Abelian Gauge (MAG) condition, locally defined 

as 

V±X M± = (4) 

where the Abelian covariant derivative V is 

V± = 9 M ± iA„ (5) 
In order to avoid Gribov copies, we also demand that the gauge fields satisfy the global MAG condition 

A: J ( n Al) 2 + ( n Al) 2 d*x is minimal at fi = 1 (6) 

Here A^ is the gauge transformation of A^. The remaining U(l) € SU(2) gauge freedom will not be gauge fixed. 
Instead, we will eliminate this remaining gauge freedom by introducing explicitly [/(l)-invariant variables. 

We note [1] that the direction of the 17(1) Cartan subalgebra in the SU(2) Lie algebra can be chosen arbitrarily. 
However, for simplicity we here proceed with a Cartan subalgebra that coincides with the a 3 generator of the SU(2) 
Lie algebra. 

Following [1] we introduce the spin and the charge variables: 

X li+ =i/} 1 e tl + ip 2 e* ,s 

where the complex field is a complex combination of zweibeine 

_ e^ + iel 

e„ - (8) 

normalized as 

The internal J7(l)j symmetry of the decomposition is defined by the transformations 

(10) 

(11) 
(12) 

(13) 

We can factor out the U(l)i phase variable as follows: If e ^ 0, we define -q to be the complex phase of eo and 

e M = e-*%, (14) 

if eo = 0, we can use other charts to define 77, so it is a section of ?7(l)j bundle over K 4 . 
The variable p is defined as, 

p 2 = (Alf + (Alf=X„ + X„- (15) 

It corresponds to the gauge invariant minimum of the functional (6) prior to any gauge fixing. In the framework of 
effective low-energy theory, p is the dimension- two condensate of [2-5]. 
An explicit parameterization for in eq.(7) is given by 

V>i = pe li cos-e"^/ 2 
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tfa = pepsin- e 4 ^ 2 . (16) 
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We introduce the U(l)i gauge field as a Maurer-Cartan 1-form: 

= i < e*,d„e > . (17) 

Define also the U(l)i invariant gauge field 

C„ = i < e*, M e >= + 8^ (18) 

and the U(l) x U(l)i invariant 3- vector 

sin# cos(</> — 2r\) 

n = \ sin 9 sin((/> - 2rf) ) (19) 

COS# 

n± = m ± «n 2 = sin fle^- 2 ^ . (20) 

The tensor P M „ is 

P», = \p 2 mP^ (21) 

with P given by 

= i(e»el - e v e;). (22) 

A doublet of U{1) x U(l)i invariant, mutually orthogonal and unit normalized 3- vectors p and q can also be used 
in lieu of the zweibeine: 

Pi = ^Pm ; Qi = ^ijkPjk (23) 

P-<1 = ; p-p + q-q=k (24 ) 
p-p= ±e Q el ; q-q=i~ ^e e* . 

Finally, we define the combined U(l) x U{l)i covariant derivatives 

D^x = d^i + iA^i - iC^ipi (25) 

D^ 2 = + «^V>2 + iC^ 2 (26) 

i^e,, = d^e v + iCy,e v (27) 

and the U(l) x f/(l)/ invariant current 

^ = ^{Vl^l - V>1 A^l + " ^2^2*} (28) 

In terms of these variables the standard classical Yang-Mills Lagrangian with a gauge fixing term for the off-diagonal 
components is [1]: 

L = J(^) 2 + f|V+X, + | 2 (29) 
= + \{d, P f + \ P 2 Jl + \p 2 {Knf + p 2 (id.qf + (d,p) 2 ) 

+ \p 2 {n + {d a hf + n_(d a e b f} + |(1 - n 2 )/ - ^ 4 - ^d,(X, + X^) (30) 
where in the second equality we have taken the £ — > oo limit corresponding to the MAG gauge condition (4) and 

= d^Jv - d u Jf+ + ^n- d^n x d u n - {df,(n 3 C u ) - d^n^C^)} - p 2 n 3 P^ (31) 



(jyCyj = §ij g a + 2e i l3( j a {hJ = 1; 2j 3) (32) 
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III. ONE INSTANTON CONFIGURATION IN SPIN-CHARGE SEPARATED VARIABLES 

We recall the explicit BPST one-(anti)instanton solution of the SU{2) gauge theory [10], in the singular gauge it 
reads 



A a (r) - 2 2 Va^x" 



(33) 



where 7] a ij = taij ; f]a4v = —flaui = —i5 a v is the 't Hooft tensor [14] and for simplicity we have centered the instanton 
at the origin. It is widely known and can be easily verified, that this explicit representation obeys the MAG conditions 
(4). In particular, the explicit solution (33) is known to be the global gauge orbit minimum of the MAG gauge fixing 
functional 



/ 



d 4 xp 2 



thus it also obeys the global MAG condition (6). We note that this configuration lies on the Gribov [11] horizon, and 
the explicit ghost zero modes have been constructed in [12]. Thus (33) is a singular point in the field space, where 
the fundamental modular region reaches the Gribov horizon. 

The instanton solution (33) depends on five parameters, the instanton size g and the four components X m of the 
vector that defines the instanton position. These leave the MAG condition intact. Furthermore, when one introduces 
global SU{2) gauge-rotations in the right hand side of eq.(33) the total number of free parameters of a single-instanton 
solution becomes eight. Since a global gauge rotation is equivalent to a space-time rotation of the solution, the global 
gauge rotation also does not violate the MAG condition. 

Notice that in general one could expect that the MAG condition fixes the global SU(2)/U(1) gauge freedom. 
However, for instanton it does not, which also indicates that the instanton is located on the Gribov horizon. We also 
note that in [13] a continuous family of gauge transformations, smoothly interpolating between regular and singular 
gauges and satisfying the differential version of the MAG gauge condition has been presented. This suggests that all 
of them should comprise a valley of degenerate classical solutions for the resulting action. But here we only consider 
the singular-gauge solution since only this solution lies in the fundamental modular domain. 

We now proceed to rewrite the instanton solution in the spin-charge separated variables. We use the relation [14] 

to get 



2 8g 4 

The zweibein e^(x) defines the 2-plane in which A a lies: 



e a , = r^A. (35) 

This choice corresponds to a particular fixing of the U(l)i gauge freedom: The U(l)i phase rj which is defined in 
(14), is now constant. Hence it disappears entirely. Note that is ill-defined in the origin but we shall find that the 
underlying geometry removes this point. 

When we choose a gauge where ^1,2 are both real (this fixes both the U(l) and the U(l)i gauges) we have by 
definition that 

K = {tpi + ih)elAl = {tp! - ip 2 )el 

So we find 

V>i = p & V2 = => 9 = 0, (36) 

which means that the 3-vector n, defined in (19), points identically to its third (vacuum) direction. Thus this vector 
field has no classical dynamics. In particular, this configuration is manifestly Lorentz invariant [1]. 

Generally, n 3 = ±1 is achieved when {A 1 ^) 2 = (A^) 2 , and a nontrivial n accounts for deviations from this equality. 
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From (23) we calculate the vectors p and q: 

Pi = ^f{ViivV24ti - mivViin) (37) 
U = ^e« k mj „ mkv (38) 

The internal connection (the one characterizing the U(l)i gauge bundle) defined in (17), is 

n x u rx 2 x x x 4 x 3 \ 

C, Tfy^-j {^-^, -^-^)- ( 39 ) 

The U{1) x U(l)i invariant current is simply 

J„ = C„- 4- (40) 

Since n is trivial, we conclude that the BPST instanton is also a classical solution to the equations of motion for 
the restricted Yang-Mills Lagrangian 

L = \?l b + \{d aP f + \ P 2 Jl + P 2 ((d,pf + (d,qf) ^p 4 - \d v d,(X, + X^) (41) 

where 

Fab = d a J b - d b J a - {d a (C b ) - d b (C a )} - p 2 Pab 

= -d a A b + d b A a -p 2 P ab . (42) 

Note that for the anti-instanton we find the same solution but with 't Hooft tensorr/ — > fj. To account for arbitrary 
color orientation of (anti-)instanton, one has to rotate all spacetime indices by the SU{2) matrix acting as SU{2) L r R \ 
subgroup of 50(4) or Lorentz group. 

We now turn to the generally covariant formulation of [1]. There, it is proposed that p can be viewed as the 
conformal scale of a conformally flat metric tensor, 

.9 = l 4 x4(p/A) 2 , (43) 

where A is a constant with the dimension of mass which we need to introduce since p is dimension-two operator while 
the metric tensor is dimensionless. The classical Yang-Mills Lagrangian describes the ensuing locally conformally flat 
Einstein-Hilbert gravity which is coupled to matter and with a nontrivial cosmological constant. The matter multiplct 
consists of the massive vector field J M , the 0(3) cr-model described by n, and the nonlinear Grassmannian cr-model 
G(4, 2) which is described by the zweibeine fields e£. But in the reduced case (41) the 0(3) matter field n is decoupled 
on the classical level (it is classically trivial). 

The reduced generally covariant gravitational Lagrangian which is relevant for the present case where n is fixed to 
{0,0,1} reads [1] 

l = l^gg^^V^ + + \^ 2 ^ v j^j v + a 2 • • ^V^A-X^V) - ^A 4 vl? 

+\d ll {pd tlP )- l -d v d ll {x^ + x v _) (44) 

Here M is a covariant generalization of the zweibein e^, obtained with the vierbein E^: 

g„ v - S ab E«El (45) 

m - ( 46 ) 

Note that the original Yang-Mills indices are here redefined from Greek to Latin. All variables are also pulled to the 
curved space with the help of the vierbein, and we refer to [1] for details and for the full Lagrangian. Naive comparison 

of this Lagrangian with the standard Lagrangian of gravity leads to an estimate A = \J~-^mpi. But this is valid only 
under the assumption that the coefficient in front of the scalar curvature term remains the same in the low-energy 
effective action. The Yang-Mills scale Aym is a completely free parameter in this model, because classical Yang-Mills 
Lagrangian is conformally invariant. The spacetime in which the latter is formulated plays an auxiliary role and can 
be arbitrary rescaled, changing thereby Aym- We expect that inclusion of other fields would fix the Aym scale. The 
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"cosmological term" in the Lagrangian should not be understood in a direct way, because in the low-energy effective 
action it would be balanced by the effective potential for p. 

Note the appearance of two boundary terms in the action. Both are non-trivial for the instanton solution, and their 
contribution can be localized to a small sphere that surrounds the singular point x = that corresponds to a gauge 
singularity. The contribution to the action from these two boundary terms cancel each other, they have the exactly 
opposite limits when x — > 0. 

We now proceed to the spacetime geometry described by the instanton solution. We find for the metric tensor (43) 

g = 1 4X4 (p/Af = ^__^__ l4x4) (47) 

where we have introduced a constant H 2 = 8/(A 2 ). 
The scalar curvature of this metric is 

18r 4 36r 2 6 

R ^ = -W^ + Wf + W> r ^ N (48) 

In order to inspect the structure of the ensuing manifold, we first rewrite the conformally flat metric in spherical 
coordinates: 

g^dafdx" = (p/Af {{drf + r 2 (dn 3 ) 2 ) . (49) 



After the change of variables 



the metric becomes 



Ve 2z - 1 



(50) 



ds^ 2 



{dzY + (i- e - Az ) 2 (dn 3 y. (51) 



When z — > which correspond to infinity in the initial coordinates, this metric becomes 



ds s 2 



= {dzY + Az 2 {dn 3 y. (52) 



Note the curvature singularity at the point z — > 0. In the vicinity of this point the spacetime approaches R 4 in 
spherical coordinates, but the spherical surfaces § 3 are doubly covered. 

When z —> oo, which correspond to the location of the center of the instanton in the original coordinates, the metric 
rapidly approaches that of § 3 x (0, oo), and the scalar curvature approaches the constant value 6/H 2 . Consequently, 
asymptotically we have a cylinder of radius H and the geometry is that of an infinite, asymptotically cylindrical cigar 
which is doubly wrapped at its beginning [24]. Note that in terms of the original coordinates the beginning of the cigar 
corresponds to the space-time infinity and the infinite cylindrical end of the cigar corresponds to the center of the 
instanton. 

We conclude that the instanton develops a finite radius hole at the position of its center, with the resulting change 
in the topology and boundary of the spacetime. 

Note that the geometry also resolves the directional singularity that we have in the Grassmannian matter field e M ; 
see cq.(35): Since the cylindrical cigar has asymptotically constant radius, the Grassmannian vector field becomes 
well defined. Explicitly, in the new coordinates the covariant version of the Grassmannian zweibein field for z 3> 1 
reads 

s=s — — [sin 5 (i cos 5 + cos 9 sin S) sin 9 dcp + (cos 5 cos 9 — i sin 6) sin 5 dO + sin 9 dS] , (53) 
v2 

where (f>, 9, S are the standard spherical coordinates on § 3 . This expression has only complex phase singularities 
which are irrelevant from the point of view of the Grassmannian cr-model; These singularities only appear in the U(l)i 
gauge degree of freedom. 

As z — > the zweibein is also non-singular and tends to zero 

w HzV2e l< ^ [sin S (i cos 8 + cos 9 sin 6) sin 9 d(p + (cos 5 cos 9 — i sin 5) sin 5 d6 + sin 9 dS] . (54) 
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We note that the present instanton geometry resembles the Euclidean black hole (gravitational instanton) [15] 
except that it does not obey the asymptotic flatness conditions and its curvature tensor is not self-dual. [25]. Indeed, 
there is no reason why a microscopic theory of gravity should lead to asymptotic flatness of Euclidean solutions, the 
flat space should only arise in the low energy limit. Instead, we propose that we have an example of a "spacetime 
foam" , and the present solution should be viewed as a "quantum black hole" . 

It is interesting to compare the boundary terms in (44) with the standard boundary term for Einstein gravity for 
spacetimes with boundaries [16]. There, the boundary terms appear when second derivatives are removed. Here, the 
action is already in the first-order form and instead we go to the opposite direction, 

\(d, P ) 2 ^Rrf+ldMp) (55) 
We conclude that the Gibbons-Hawking [16] boundary term is \d^(pd^p) and vice versa, 

\(pd, P ) = -^g ab (V e » e % = -^r^, (56) 

where e a are the basis vector fields and T is a Christoffcl connection. The right-hand side of eq.(56) contracted with 
the normal vector to the boundary surface is the trace of the second fundamental form and it presents the generally 
covariant form for the boundary term. 

Finally we only note that the meron solution [17] 

W = n -^~ (57) 

also obeys the MAG condition, and it has the same type of singularity at its center as the instanton. At infinity the 
geometry is quite different. Since the analysis is straightforward we defer the details. 



IV. MULTI-INSTANTON CASE 



We now proceed to study the (gravitational) generally covariant interpretation of a multi-instanton solution. How- 
ever, due to technical difficulties and transparency of the presentation we only consider explicitly the simplest case, 
described by an an approximate superposition of two instantons. The general case can be investigated by employing 
the ADHM construction [18] but will not be studied here; we expect that our qualitative results persist in the most 
general case. 

Consider first the non-overlapping limit of two BPST instantons, y, » Qj where are the position 4-vectors for 
the instantons. In this limit the metric tensor is 

(2 2 \ ^ 

{£ + [x Q y\?)\x - yi\ + (2 + (x -v\?)\ x m\) l4x4 ' (58) 

Clearly, near the centers of the instantons the metric is again similar to a cylinder S 3 x (0, oo) of radius H. 

We define g 2 = gf + g\ and change the radial variable as |a;| = r = -j^- We also introduce S 3 spherical coordinates 
for the remaining variables. Notice that for the large r the variable z tends to the z of the one-instanton case. The 
metric now becomes 

ds 2 = ff 2 -^- f 7T — 2? + ^ Ql V ( ( 2^(dQ 3 ) 2 + (dz) 2 ) (59) 

(2z) 3 \{gl + {x-yi) 2 )\x- yi \ (qI + (x - y 2 ) 2 )\x - y 2 \ J v ' 

where (d£l z f = (dS) 2 + (sin 5d9) 2 + (sin S sin 6d<t>) 2 . 
To the leading order r 3> y (i.e. z«l) this yields 



((2z) 2 (dn 3 ) 2 + {dzf) . (60) 



We here have again the doubly-covered sphere § 3 of radius z that characterizes the beginning of the cigar in the single 
instanton case. As z grows, these spheres become deformed and near each of the instanton centers the metric diverges 
forming asymptotically an infinite cylinder § 3 x (0, oo) of radius H. Note that the boundary of the space again 
corresponds to the centers of the instantons, and the singularity in the Grassmannian vector field become resolved in 
the same manner as in the single instanton case. 
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V. MONOPOLE LOOPS 



It was argued in [13] and also seen directly from various numerical computations [19] that the multi-instanton 
solutions in the MAG have monopole loop singularities (see also [20] for an analytic example). It means that, really, 
an instanton ensemble in MAG is not a superposition of singular gauge instantons. Instead, a more general gauge 
transformation with singularity along some contour (a.k.a. monopole loop) is needed to satisfy the global MAG 
condition (6). An explicit, analytic form of a monopole loop is not known for a generic instanton ensemble. But for 
the dilute case it is known that the loops are small, circular and non-percolating, see [13] for explicit expressions. 

To construct the monopole loop one applies the gauge transformation 

Qt = e i 7T3/2 e i/3T 2 /2 e iQT 3 /2 

where 

a = 4> — ipj = 7t — 4> — (61) 

and 

U 11 

3 = 28 — arctan — — arctan — (62) 

v + R v-R v ; 

to the anti- instanton in the singular gauge (or its conjugate Q to the instanton). Here the coordinates 

x\ + ix 2 = ue 1 ^ , . 

x 3 + ix 4 = ve 1 ^ ^ ' 

are used. This gives a monopole loop of radius R that lies in the (3-4) plane and can be arbitrarily reoriented by a 
global gauge transformation. 
The corresponding value of p 2 is 

8 ((g 2 - R 2 ) 2 u 2 + (g 2 + R 2 ) 2 v 2 ) 

P 2 = 7 " r- (64) 

(g 2 +u 2 + v 2 f fi? 4 + 2(u 2 - v 2 )R 2 + (u 2 + v 2 ) 2 ) 

At R = the above equation reduces to eq.(34) for the singular gauge instanton. The singularity here forms a ring 
of radius R. Near this ring the condensate is 

where we used natural coordinates for a ring: z cos?] = (v — R) ; z sin 77 = u with 77 e [0, it). 
The 3- vector n is again trivial n = {0,0,1}, so 

ipi = p 
=0 

and the zweibein field is simply related to the new gauge transformed potential: 

A\ + iA 2 

Keeping only the first term in (65) we analyze the qualitative behaviour of the corresponding geometry. In coordi- 
nates ip (angular position on the ring), z, 77, <f) (spherical coordinates around ring points) the metric associated with 
p 2 becomes 

ds 2 w -1^ (R 2 dip 2 + dz 2 + z 2 drf + z 2 sm 2 V dcf 2 ) . (67) 
Changing the variable z = He~ v results in: 

(§) 2 M \ ( e2y W H f d ^ 2 + d y 2 + di i 2 + rf ^ 2 ) • (es) 
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Thus the space is like infinite cylinders (77, (j>, y) G § 2 x (0, 00) of radius H/2 over each point of the circle, parameterized 
by ip. Cylinders over different points spread away from each other exponentially fast as one moves along them (i.e. 
increases y). The scalar curvature tends to zero exponentially fast with increasing of y. 

When we are far from the monopole loop, the results obtained for the singular gauge are valid, thus the total 
geometry looks like 8 3 -cylinder that becomes split into infinite S 2 cylinders. In terms of the variable z introduced for 
analysis of singular gauge instanton in (50), the splitting occures at z w \og(g/R). The resulting cylinders with § 2 
profiles are fibered over one of the S 1 sections of S 3 , depending on the orientation of the monopole loop. This splitting 
can be illustrated in lower dimensions in terms of gradual transition from a sphere to a torus. 

In the coordinates {y, ip, r], <fi}, used above, the Grassmannian field , defined in cq.(46), takes the form 

ieW+^HtQ 2 - R 2 ) sin( 77) , , e^+^H , ie^+^H sm{n) , 1 ml „. 
= 2 ^ +R2 > W ^ + — 5— *I + + O(e-y) (69) 

We again observe that the geometry resolves a directional singularity of the initial field e^: the new field , defined 
on the space with metric (43), is non-singular. The singularity near the monopole loop is mapped to a boundary 
surface at infinity. 



VI. DISCUSSION 



In summary, we have elaborated on the observation [1] that the Yang-Mills action in the MAG gauge can be 
viewed as a locally conformally flat limit of a gravitational theory that involves the Einstein action and a cosmological 
constant in interaction with matter fields. In this approach the short distance Minkowski space Yang-Mills theory 
then provides a mechanism where the metric tensor of the locally conformally flat spacetime becomes generated by 
the dimension-two condensate in the gauge theory, by quantum fluctuations. 

We have inspected the BPST instanton in this formalism. We find that an instanton resembles a Euclidean black 
hole configuration in the form of a spacetime that has the shape of a doubly wrapped cigar. For a multi-instanton, 
we expect a spacetime with several cigar-like cylinders, growing from different singular points as deformations of the 
space. These cylinders asymptotically approach (0, a) x 8 3 and then split into (a, 00) x § 2 cylinders fibered over 
S 1 C § 3 . We propose that this can be interpreted as a Euclidean "spacetime foam" solution, a fluctuation that creates 
spacetime from "nothing" . 
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